In this paper we study the proposal present in [1] concerning the statistical description of trapped gravitons and applied to derive the semiclassical black hole (BH) entropy S BH . We study the possible configurations depending on physically reasonable expressions for the internal energy U . In particular, we show that expressions for U ∼ R k , k ≥ 1, with R the radius of the confining spherical box, can have a semiclassical description, while behaviors with k < 1 derive from thermodynamic or quantum fluctuations. There, by taking a suitable physically motivated expression for U (R), we obtain the well known logarithmic corrections to the BH entropy, with the usual behaviors present in the literature of BH entropy. Moreover, a phase transition emerges with a positive specific heat C at Planckian lengths instead of the usual negative one at non-Planckian scales, in agreement with results present in the literature. Finally, we show that evaporation stops at a radius R of the order of the Planck length.
Introduction
Since of the fundamental discovery that [2, 3] BH emit a thermal radiation and as a consequence they have a non-vanishing entropy S BH with S BH = K B A h /L 2 P (with K B the Boltzmann constant, L P the Planck length and A h the area of the event horizon), many attempts (see [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] to cite someone) appeared in the literature in order to explain where are stored the microscopic degrees of freedom leading to the BH formula, i.e. the statistical understanding of the BH entropy. Generally, the entropy formula derivation is related to the unproven used theory (loop, string), while in [13, 14, 15, 16 ] the modes are given by considering the quasi-normal BHs frequencies. Moreover, in the literature the BH entropy is derived by considerations outside the event horizon. However, it is physically reasonable and intriguing to ask what happens inside a BH. No experimenter can escape from the spacelike Schwarzschild singularity, so he/her can only measure for a short time. Nevertheless, the study from the point of view inside the event horizon, although looks like a speculative hypothesis, it is physically interesting and intriguing. In fact, it is a possible response to the question regarding the nature of the degree of freedom leading to the BH entropy 1 . This perspective has been addressed in [1] . There, an approximate formula is derived describing the discrete spectrum of trapped gravitons inside a spherical box and applied in order to obtain the well known BH expression from a statistical point of view. The internal degrees of freedom are provided by N harmonic oscillators composed of gravitons. Why gravitons? First of all, we expect that inside a BH only radiation can escape from the spacelike singularity. The BH solution is a vacuum solution of Einstein's equations, so we expect that if something can survive inside a BH, then it should verify that its energy-momentum tensor T µν is identically vanishing, i.e. gravitons.
In this paper we continue the investigation present in [1] . In particular, we focus our attention on the possible viable (classical and quantum) expressions for the internal energy U (R) and the related expression for the temperature T and the entropy. For the BH case we test our approximate formula for the spectrum of trapped gravitons against theoretical predictions by showing a good agreement. We show that the logarithmic corrections in the IR limit can be easily obtained in our context. Also the Planckian limit is investigated, where non commutative effects come into action. Finally, we attempt to generalize our treatment to a Kerr-Newman BH.
In section 2 we shortly present the formalism and the general formulas. In section 3 we study 'classical' cases with viable expressions for the internal energy U . In section 4 we analyze the BH case. In section 5 we study the way to obtain corrections to the semi-classical BH entropy, while in section 6 we derive some interesting consequences due to the corrections obtained. Finally, section 7 is devoted to a discussion of the results obtained together with possible generalizations and outlooks.
Preliminaries
To obtain a suitable formula for the spectrum of trapped gravitons, in [1] we considered a gravitational wave traveling in a vacuum Minkowski spacetime g (0)
ik together with the perturbation h ik representing a gravitational wave. As well known [18] , for a gravitational wave in a Minkowski spacetime, the perturbed and linearized Einstein's equations reduce to a master equation in terms of the axial (Regge-Wheeler) Z 
where {ℓm} are the integer Legendre indices and ω the frequency of the traveling wave. The solution of the (1) for Z 
where k = ω/c. After imposing the Dirichlet boundary condition 2 Z (p,a)
ℓm (R) = 0, being R the areal radius of the confining spherical box, we obtain the following approximate formula for the angular frequency ω ℓn of the trapped gravitons:
Formula (3) is a good approximation for the zeros of the Bessel function.
In particular, the error of the first zero is of the order of 4% with the error rapidly decreasing for the other zeros. In section 4 we show that this is the case by comparing the parameters giving the BH entropy derived from the (3) with the ones from exact formulas. In [1] we promoted n to a quantum number, while the Legendre index ℓ has been identified as a 'species number' depicting the species of gravitons present inside the box, i.e. ℓ = 2 quadrupolar, ℓ = 3 sextupolar..., without promoting the azimuthal index m to a quantum number. In section [4] we show that this is the correct interpretation. Also note that, according to the finding present in [13, 14, 15, 16] , since for the (3) we have ωR ∼ n for large values of the quantum number 3 n, the spectrum (3) is in agreement with the Bohr's correspondence principle, i.e. transition frequencies behave as the ones of a classical oscillator for large n >> 1.
To start with, we can calculate the partition function Z T = Z N g , with N harmonic oscillators with
where β = 1/(K B T ). For the entropy S, the internal energy U and the pressure P , thanks to the (4) we obtain
with V the thermodynamic volume and dR/dV = 3 −1 (3/(4π))
Note that in deriving the (6) and (7) (the (5) is insensitive to the zero point energy), the zero point energy, as customary, has been sutrbacted from U . It is believed that such a zero point energy becomes important at Planckian scales, where a possible non commutative quantum structure of the spacetime can emerge [19, 20, 21, 22] . From the (6) and (7) we see that P V = U/3, i.e. the spectrum formula (3) depicts a radiation field made of gravitons. Entropy and internal energy both depend on the temperature T , on the areal radius R of the box and on the number of graviton's oscillators N . In a usual classical ideal gas the internal energy U is a function only of the thermodynamic temperature T and to obtain a sound thermodynamic limit we have N ∼ R 3 ∼ V . In our case, finite size effects are present and the internal energy is also a function of R. The spectrum (3) becomes continuum 3 For any fixed ℓ, for n >> ℓ.
only in the limit R → ∞ and as a consequence in this limit quantum effects are negligible and U = U (T ). A physically interesting study is to consider physically reasonable expressions for the internal energy and then look to the resulting expression for T by inverting the equation (6) and for S. Since the well known behavior for the BH temperature T BH
derives from U ∼ R, it is interesting to see the modification of T = T (R, N ) due to a given reasonable choice for U . In sections 3,4 we consider the 'classical case' with U ∼ R k , k ≥ 1, while in section 5 we analyze the corrections arising from quantum fluctuations.
Temperature and entropy for trapped gravitons: classical viable cases
To start with, we invert the expression (6) with the only acceptable root given by
Note that in the limit with Q 2 << 1, we have U = 2N KT , in contrast with usual ideal gas for which we have U = 3 2 N KT . Concerning the internal energy U , it is natural, to a classical level, to take U = M c 2 , where M is the ADM mass of the graviton's 'star' and introduce, as customary, the density profile ρ = ρ(r), where as usual
In practice, to massless gravitons with energy E ℓn = ω ℓn we associate a 'weight' m = E ℓn /c 2 . Moreover, we are not interested in the study of the metric inside the spherical box but rather on the thermodynamic features of the radiation's ball of gravitons. From the astrophysical point of view, this study could be of interest, for example, in the modeling of exotic but interesting objects as the supposed gravastars 4 [23, 24] where a thin shell made with the cosmological constant can trap gravitons inside.
For a physically reasonable and simple expression for ρ(r) we can choose ρ(r) = q r k , q ≥ 0 and k < 3 to guarantee the convergence of (10). In particular, for ρ ∼ 1/r we have U ∼ R 2 , for ρ(r) = q we have U ∼ R 3 , while for ρ ∼ 1/r 2 we have U ∼ R. Obviously we could consider exotic expressions with k assuming non-integer values (fractal-like case), but the cited above expressions for ρ are the most frequently used to model the interior of a star. To assure a good thermodynamic limit, generally we must pose N = sR 3 , s ∈ ℜ + . Only in the BH case, according to the holographic nature of a BH, we have N = sR 2 . Also note that physical reasonability (stability) requires a non-increasing expression for ρ and as a consequence we do not study the cases with U ∼ R k , k > 3.
Case with
Firstly, we consider the case with U = qR 3 . This corresponds to the choice ρ(R) = k, k ∈ ℜ + . This equation of state is often used in astrophysics to model a star with a dense core as a neutron star. From the (9) and after setting, as usual, N = sR 3 , s ∈ ℜ + , we obtain
In the limit R → 0 we have T → +∞, similarly to the BH physics with S → 0. In this limit the entropy looks like:
In the opposite limit, R → +∞, we have K B T → q/(2s).
Remember that for a BH in the same limit we have T → 0. This first example shows some analogy but also differences with the BH case. In particular, by supposing that N = sR 2 as in the BH case, the entropy also for small values of R where quantum effects are strong, looks like S ∼ V . Also notice that the temperature (11) presents the behavior ∼ 1/R suitable for a BH but with the term given by a logarithm at the denominator of the (11).
The case U = qR 2 can be obtained with ρ ∼ 1/r. This is a diverging density but giving a finite expression for U . We expect that in this case formulas are more closed related to the BH ones since we are approaching the behavior U ∼ R suitable for a BH. With U = qR 2 and N = sR 3 we have
Since q, s are positive constant, we obtain the interesting result that in this case the temperature is proportional to T BH , given by (8) , by a constant term. Moreover, we have S ∼ V , i.e. the entropy scale as the thermodynamic volume. This means that a ball filled with gravitons with U ∼ R 2 approaches the BH behavior, but with the fundamental difference that the entropy scales as the volume rather than the area. We can choose the parameters s, q in such a way that T = T BH . This can be obtained by setting
Hence, an hypothetical extreme astrophysical object made of trapped gravitons with the (14) would emit a (cold) thermal radiation at the same temperature of the event horizon of a BH. However note that it is the relation between the entropy and the area of the event horizon that is the heart of the BH physics showing the holographic nature of the BH 's gravity. The result is that, by assuming the usual behavior N = sR 3 , we approach the proportionality S ∼ A by approaching the behavior U ∼ R.
Case with U ∼ R
In this subsection we analyze the BH-like behavior U = qR. This behavior can be obtained from the (10) with ρ(r) ∼ 1/r 2 . This density profile is typically used to model the huge core of neutron stars. By supposing that the configuration of the graviton's radiation ball it is not in a BH state, after posing ρ(r) = q/(4πr 2 ) and remembering that in the BH case we have U = c 4 R/(2G), we must have
First of all, note that in the limit R → 0 we have T → +∞ and S → 0, as happens for a BH. In the opposite limit, R → +∞ we have T → 0. Also in the limit R → ∞ we have, always with N = sR 3 ,
For S we have the behavior
In the leading term of (17) does appear the term proportional to A ln(A) with the usual BH behavior appearing as a correction to the leading term. Note that this behavior also happens by taking q = c 4 /(2G) instead of the inequality (15) . This shows that the fundamental ingredient to obtain the BH formula is provided by the holographic relation N = sR 2 . These reasonings suggest that a BH genesis can be seen as a physical process where matter becomes more and more dense. When inequality (15) is saturated, a BH emerges only when matter-energy inside the event horizon condensates near the event horizon. Since no usual matter-energy can live inside a BH (at least static), we may suppose that matter eventually falling inside the event horizon behaves like a radiation field.
The black hole case
A remarkable debated question regards the origin of the degrees of freedom leading to the BH entropy. In this paper we use the view that the degrees of freedom are present inside the horizon as massless gravitons forming a discrete spectrum (as far as R is not large 'enough' to justify the continuum approximation). This could be a practical realization of the BH complementarity conjecture advocated by 't Hooft and Susskind (see [17] and references therein), where two copies of information are stored in the Hawking radiation and inside a BH (gravitons in our case).
In the examples of section 3, we obtained physically reasonable models with N = sR 3 . Note that for any choice of the internal energy U = U (R), we can always choice an 'exotic' distribution N = RU (R) in order to obtain for T the behavior given by (8) . In any case, there exists only a possibility to obtain the behavior (8) with S ∼ A, i.e. by setting the internal energy given by the ADM mass-energy U = c 4 R/(2G) with the holographic prescription N = sR 2 . With these choices we have [ 
In [1] we have shown that, in order to obtain the BH entropy, a temperature looking like
with the only solution α ≃ 2.2 leads to the BH formula
. This result is far from trivial. In fact, in the BH case we impose a constraint on the entropy, i.e. S = S BH . Since of the distribution (4), entropy in (19) is a complicated function of α. As a consequence, the equation Y (α) = 1 is not trivial. In particular, this equation is sensitive to the choice made for ω ℓn given by the (3). With a different choice, a different value for α can be generally found. As an example, in [1] we have considered another model with ω ℓn given by the (3) but with the partition function summed up with respect to the azimuthal index m. As a result we obtained α ≃ 8.48. More generally we have an equation with Y depending on the distribution chosen for ω ℓn , i.e. Y = Y {ω ℓn } (α) = 1. The reader can point out that the important fact is that a solution for the equation Y = 1 exists. Fortunately, this is not the case. In fact, the spectrum (3) leads to a radiation field with P V = U/3. If we consider the entropy,
, with T given by the (21) , from the first law T dS BH = dU + P dV integrated with respect to R we obtain:
First of all, note that with the value α = 1, i.e. T = T BH , we have the relations P = 0 with T BH dS BH = dU suitable for the exterior of a Schwarzschild BH. This implies that a static BH is pressureless outside the event horizon following the usual treatment. Conversely, within our treatment, a pressure radiation term naturally arises. The formula (22) does imply that to obtain a radiation field for the interior of a BH we must impose exactly α = 2. Since the value we obtained is closed to the expected value α = 2, we can reasonably consider our approximate formula (3) as a good approximation, also showing that, thanks to the unacceptable solution α ≃ 8.48, our choice present in [1] to promote only n to a quantum number looks in the right direction. Note that the formula (3) gives the zeros of the Bessel functions j ℓ (kr) with an error quickly decreasing. For example, the first zero is correct within the 4%, while the second zero is exactly within a percentual less than 1%. Hence the obtained error (2.2 − 2)/2 ∼ 10% is expected within the approximations made. Summarizing, the equation Y = 1 imposed to obtain S = S BH strongly depends on the spectrum chosen for ω ℓn and our approximate formula (3) is a good starting point to explore the thermodynamic of trapped gravitons. Any physically acceptable approximation for {ω} should give a value for α ≃ 2. As a final consideration for this section, note that formula (22) with α = −2 it gives a dark energy distribution with the usual equation of state P V = −U . The fact that a negative value for α but with the same |α| = 2 it gives a dark energy configuration is an intriguing fact. However, in this case we have T < 0 and the statistical study of this paper and in [1] are obviously not suitable. We may think to take T < 0 and U < 0 inside the black hole, but we get the solution α = −2 but again with radiation P V = U/3 and with P < 0 and T < 0. These considerations can be of interest in line of the papers [25, 26] where has been hypothesized that the cosmological constant can be made of gravitons near a BEC state. This can certainly be matter for further investigations, but the fact that equation (22) admits the BH solution S = S BH with |α| = 2 representing radiation (α = 2) and dark energy α = −2 is an intriguing fact.
Building corrections to the BH entropy
As well known, the determination of the corrections to the semi-classical BH entropy is an important ingredient that should be incorporated in any consistent quantum gravity theory. As well known [27] , for a given thermodynamically stable system (positive specific heat C) with entropy S 0 , thermal fluctuations generally lead to the following corrections S c for the entropy: S c = S 0 + 1/2 ln(S). Thus logarithmic corrections hold for any stable thermodynamic systems. In practice, the logarithmic corrections for a BH can be seen as due to finite size corrections for a large radius R. Nevertheless, for a BH (C < 0) quantum fluctuations are present [27] and logarithmic corrections are also expected to arise due to quantum fluctuations of the geometry. Thermal fluctuations generally produce a positive logarithmic correction to the BH entropy, while quantum ones generate negative logatithmic corrections [28] . These corrections are in competition. For example, for BTZ black holes (see [28] and references therein), thermal and quantum logarithmic corrections cancel out. Note that asymptotically flat BH's are thermodynamically unstable. For this reason, a BH can be seen as thermodynamically immersed in a spherical isothermal cavity (see for example [29] and references therein) and as a result for an asymptotically flat BH with entropy S 0BH we thus have S BH = S 0BH − α 0 ln(S 0BH ). The constant α 0 is model dependent and α = 3/2 in a string context [11, 12, 30] and α 0 = 1/2 in loop context [33] .
It is thus generally believed that [11, 12, 29, 30, 31, 32, 33, 34, 35, 36, 37] ) quantum and thermal fluctuations generate logarithmic corrections to the BH entropy formula with other corrections given by:
The formula (23) is expected to hold for large R and the positive constant depends on the different kinds of derivations. Other kinds of corrections can be found for example in the context of entangled entropy (see for example [38] for a recent review and references therein) such as
or a mixture between (23) and (24) motivated [39] by Planckian effects caused by the generalized uncertainty principle (GUP) [34, 35] . In the limit of large areal radius R, the semi-classical expression is regained. As noticed in [17] , the calculations of the logarithmic corrections to the BH entropy are physically ambiguous. In fact, as stated above, thermal fluctuations always lead to logarithmic (positive) corrections and as a consequence it is not easy to calculate the contribution caused by quantum fluctuations or ask if cancellation do occur. Since the specific heat C for a BH is negative, thermal fluctuations cannot be calculated in the usual canonical description around a given equilibrium configuration, since in this case the canonical energy acquires an imaginary part [28] and only a microcanonical description is available with fixed radius R. These reasonings show that for large asymptotically flat BHs, the determination of thermal fluctuations by the usual saddle point technique at the equilibrium point is not suitable. Only at the UV scales, near the Planck scales it is expected that quantum fluctuations induced by the quantum fluctuations of the geometry become dominant. This is the main reason for which we make the physical distinction between IR (i.e. macroscopic) scales and UV (Planckian) scales. Planckian corrections can be calculated by introducing a mathematical and physical description suitable for a non-commutative spacetime that is expected to emerge approaching the Planck scales. For the modified temperature we can choose 5
In the context of the GUP [35, 36, 37] , it is often used an expansion similar to the (25) but with B = 0. In both cases, for guidance, no experimental data are at our disposal and only physically reasonable although speculative conjectures can be invoked, although string and loop quantum gravity can provide a reasonable guidance. It is natural to ask if corrections to the semi-classical BH formula can be obtained within our approach. In this framework, conversely with respect to the strategy used in the sections above, we cannot generally derive an expression for U (R) ∼ 1/R in terms of the (10) since of the requested convergence of the integral (10) . To this purpose, we study separately the IR and UV Planckian scales.
IR limit
This is the limit of very large volumes. In this regime it is also expected that the logarithmic correction arises as a leading correction. As noticed above [17] , it is not a simple task to separate contributions to the BH corrections arising from thermal and quantum gravity effects. Our approach is statistical and our starting point are formulas (4)-(6). Moreover, as shown in the sections above, an expression for U = M c 2 in the 'classical' case can be represented in terms of a given effective graviton's density. By considering thermal corrections, we expect that U = M c 2 + δM c 2 , where the term δM indicates fluctuations. It is expected that the expression chosen for δM as a function of the size R of the BH's horizon depends on the model chosen to calculate such fluctuations. In this regard, our approach is phenomenological and the form of the fluctuations is model dependent. Hence, according with our procedure, we can assume the entropy formula (5) with the statistical expression for U given by the (6) and therefore choose the modified expression for U (R) leading to the corrections to the leading order. In this regard, note that we can always choose the internal energy U and the Hawking temperature in the formulas (5) and (6) 
A mixing between logarithmic corrections and the ones looking like ∼ ( √ A) z (with z an integer ≤ 1) can be obtained by adding to the (26) terms proportional ∼ 1/R n , n ∈ N − {0} and using the (25) . The 'phenomenological' correction U c ∼ ln(R)/R in (26) can be justified in the following way. The microcanonical entropy is given by S BH = K B ln Γ(E), where as usual Γ denotes the counting of the allowed states. Since for a system the function Γ is negligible out of the equilibrium 6 configuration E ⋆ , we have, from statistical mechanics textbooks, that fluctuations around E ⋆ for ln Γ look like ln(E) and since for a BH U ∼ ST and E ∼ R, this motivates the correction for U in the (26) . Obviously the limit of our approach is that we cannot calculate the exact expression for α i in (26) . However, our 'phenomenological' approach can give a statistical description once a physically motivated expression for U and T are chosen, motivated for example by a quantum gravity model.
UV Planckian limit
The situation is rather more intriguing in the UV limit. In particular, corrections (24) and (25) are often obtained in the literature by reasonings re-garding quantum gravity effects although a full understood shared quantum gravity theory is still lacking and the form of the subleading corrections at small scales is debated. It is thus interesting to ask what are possible physically motivated expressions of the leading term in the UV Planckian limit. These expansions in powers of m pl /M (where m pl is the Planck mass), in order to obtain corrections to the semi-classical BH entropy, are used in the GUP context [40, 31, 32, 33, 35, 36, 37] . The corrections so obtained are thus certainly suitable at IR scales with R of the dimension of a macroscopic object but the convergence of the series expansion should be checked at Planckian scales where R ∼ L P . First of all, note that after including the zero point term (subtracted in the (6)) given by U 0 = 2cπ N/R in the (6), we have that the equation Y (α) = 1 has not solutions. In particular, the maximum value for the entropy is obtained with α ≃ 40 with S ≃ 0.04S BH . This can be related to the discussion of section 4 concerning the dependence of the equation Y (α) = 1 on the distribution chosen. In the following, as usual, we continue to subtract the zero point energy from the (6). To start with, we must choose physically motivated modifications for T BH and U . In the context of the so called GUP, the following heuristic modification (deformation) of the usual position-momentum x − p uncertainties relations 7 , motivated by the BH physics, has been suggested [34] :
where the symbol ∆A denotes the uncertainty of some operator A in a quantum state ω. Formula (27) implies a minimal uncertainty for the position operator of the order of the Planck length, provided that the constant γ is chosen in a suitable way. Since for a BH we have c 2 ∆M ∼ c∆p and since it is expected that for a BH the (27) is satured with ∆x ∼ ∆R, this motivates the corrections to U looking like 1/R. Note that many versions of GUP exist in the literature, see for example [16] for a recent new proposal. The drawback of the formula (27) and of similar proposals present in literature, is that the (27) implies a 'deformation' of the usual dispersion relations for a relativistic particle. At the present time, no such a modification has been observed in the real word. Moreover, notice that in the GUP (27) it is implicitly assumed (see [41] for a nice review and also [21] ) that ∆x ∼ ∆y ∼ ∆z ∼ ∆R for the cartesian coordinates {x, y, z}, i.e. that a spherical symmetry is implicitly assumed. In [19] it has been shown that a non-commutative spacetime at the Planck length preserving Lorentz covariance can be obtained starting from physically motivated uncertainty relations (generalized in [20] using Penrose's inequality). These uncertainty relations, in the spherical case, reduce to [20] ∆R
Hence, if spherical symmetry is assumed with c∆t ∼ ∆R, a minimal uncertainty for ∆R arises for a non-commutative spacetime, according with the GUP expression (27) . A remarkable feature of the model present in ( [19] ) is that also a minimal area [42] (see also [20] ) and volume do appear, also for localizing states ω that have not spherical symmetry. As a consequence of these reasonings motived by the DFR non-commutative model present in [19] , the following expansion for U can be written:
The (29) can be also justified by the GUP (27) . In fact, we can solve the (27) for ∆p with ∆p ∼ 1/∆x + ∆p 2 /∆x, ∆x ∼ ∆R and iteratively obtain a series expansion in terms of powers of 1/R and this motivate the (29) . However, as explained in this section, GUP has been obtained with the implicit assumption of spherical symmetry and in this regard it is equivalent to the physically motivated spacetime uncertainty relations (28) for a noncommutative spacetime. Note that we have R min ∼ sL P , and all terms look like ∼ L P at the Planck length with the magnitude depending on the dimensionless constant {C n }. A similar expansion can be written for T BH as in (25) . For a pedagogical application, consider the expansion (29) truncated to the term ∼ 1/R 2 together with the (25) up to the term ∼ 1/R 2 . For the corrected BH entropy at the leading order by formally expanding in the extreme UV limit R → 0 we have:
where obviously in our model the constant C 2 , Q are left arbitrary. We thus obtain a ln(A) as a leading correction in the extreme UV limit for R → 0. In the usual approach with GUP [43, 44] and according with results obtained in string and loop contexts, only odd powers in 1/R are present in (25) and (29) . In any case, at any chosen 'odd' truncation 1/R 2n+1 for (25) and (29), the (30) still holds. By considering, for example, the terms ∼ 1/R 3 in (25), we obtain an expression very similar to (30) but with C 3 instead of C 2 and C instead of B. From our simple setups, we also found ln(A) corrections to the BH entropy formula but with a Planckian nature and extrapolated for R → 0. The leading logarithmic term in the (30), according to the (28), give a positive contribution for:
By setting B ≥ B/e, we obtain S ≥ 0 in the limit R → 0. It is important to stress again that the (30) has been obtained in the extreme (pedagogical) UV limit R → 0. In this pedagogical limit (without invoking non-commutative Planckian effects) obviously the singularity is reached and as a result in this limit we have {T BH , U, S BH } → +∞ 8 . If we restrict to the behaviors at sL P ≤ R < ∞, as requested by a quantum spacetime motivated model, we can obtain results in agreement with the (23) by choosing appropriate modified expressions for U and T motivated by non-commutative effects and thermal fluctuations. In particular, we can invert the problem: take the expression (23) as starting point, and looks to the modified expressions for T and U . This can be matter for the further investigation. Summarizing, at IR macroscopic scales logarithmic corrections can be allowed in our model, but, as pointed in [17] , their quantum or thermal nature is questionable. Quantum corrections arising from quantum fluctuations of the geometry are expected to be dominant at Planckian scales. Within our model and procedure, by considering modified expression for U and T BH motivated by non-commutative effects at such scales, the usual ln(A) expression arises as a correction in the range sL P ≤ R < ∞ (See the conclusions for more details). The important fact is that our approach, with gravitons inside the BH providing the degrees of freedom leading to the BH entropy, according to the Bohr BH complementarity conjecture advocated by 't Hooft and Susskind, permits one to obtain corrections to the BH entropy from a statistical point of view, with the underlying quantum gravity theory modeling the modified expressions for U and T BH . Our model predicts, thanks to the (6), the behavior of the function N = N (R). Also in this case, we can obtain the UV pedagogical limit for R → 0, i.e. N (R → 0). To this purpose, in the UV limit we can write the (25) in a form with the explicit dependence on the Planck length L P :
(32) After taking the first correction terms in the (32) and (29) we obtain, in the extreme UV limit R → 0 9 :
Equation (33) clearly shows that the semi-classical behavior N ∼ R 2 , consequence of the holographic principle, does not hold in the Planckian limit, i.e. semi-classical gravity is holographic but quantum fluctuations contrast holography. Once again, remember that non commutative effects, thanks to the (28), take operationally meaningless the measure of lengths less than the Planck one and Taylor expansion must be stopped at R/L P ≃ s. To this purpose, singular terms ∼ 1/R obviously do appear in the (33) by taking higher-order corrections for T BH in the (32), but this is not physically relevant since the UV 'catastrophe' is solved by quantum spacetime fluctuations. The physically relevant fact is that in any case holography is destroyed by quantum geometry's fluctuations.
A transition phase and BH evaporation
Another interesting question concerns the study of the BH evaporation in our background.
In the usual derivation of the Hawking radiation [2] , a strictly thermal radiation arises thanks to the creation of pair's particles just outside the event horizon. Particles with negative energy are captured inside the event horizon, while the ones with positive energy escape up to spatial infinity. As a result, a thermal radiation flux of particles will be measured by an observer at spatial infinity. This physical mechanism is practically left unchanged within our approach, but with the evaporation, as will be shown in this section, ending at some non-vanishing radius R c . In practice, the main difference with respect to the usual semi-classical calculations [2] is quantitative and due to the corrections arising in the entropy expression, that in 9 Note that to obtain a behavior N ∼ R 2 + o(LP /R), a Taylor expansion in terms of LP /R << 1 must be performed, and this does apply also for the (30) in order to have SBH ∼ A/4 + o(LP /R) turn are caused by the modified internal energy and temperature given by (29) and (32) . Hence, independently on the (important) fact that our spectrum is discrete 10 , physically we may think that when a quantum of negative energy E = − |ω|, created near the event horizon, falls inside the event horizon, a graviton with energy |ω| annihilates with the incoming quanta with a decreases of the ADM BH's mass by a quantity E. The intriguing fact of our model is that our model provides a physically reasonable (although obviously speculative) mechanism to explain the fate of the degrees of freedom leading to the BH entropy, according to the Bohr BH complementarity conjecture, and also a reasonable mechanism to explain the fate of the negative energy particles falling inside a BH representing the incoming Hawking radiation.
To be more quantitative, we analyze the effects of our modified expressions for U, T BH , S BH on the usual treatment of the evaporation process.
To start with, we study the phenomenon with the modified entropy and the corrected internal energy U given by (29) from a thermodynamics perspective. As well known, the specific heat for a static BH is defined by
and is strictly negative. This is a peculiarity of complex systems with long range interactions. This does happen also by using the IR expression (26), with terms looking like 1/R ln(R) giving a small correction leaving the expression for the specific heat C = dU/dT negative. This situation changes drastically at Planckian regime, where in the expansion (29) terms looking like 1/R start to become relevant. In this context, since from the (25) dT /dR < 0, we have C = dU/dT > 0, i.e. the specific heat becomes positive. This means that at Planckian scales the non-commutative effects induced by the expected fuzzy geometry act as a repulsive force contrasting the attractive gravitational force. This implies that there exists a critical radius R c such that dU/dT = C = 0. Exactly at such a critical radius, a transition phase emerges denoting the transition between the IR and the UV Planckian scale. From the (29) , by assuming scales where the term 1/R is dominant, we found dU dT
On general grounds, we expect C 1 of the order of unity or greater and as a consequence we expect the critical radius to be greater but near the Planck scale. As a result, when the critical radius R c is reached during the evaporation process, the BH has C = 0 and becomes thermodynamically 'dead'. It is thus expected that evaporation stops when this critical radius is reached, by forming the so called BH remnants. This picture is in agreement with the one GUP-motivated present in [35, 36, 29, 37, 43, 44] where a critical radius exists of the order of L P where C = 0 and the BH becomes as a remnant inert object. This fate could be related to the dark matter issue (see for example [20] ). Moreover, in our model the specific heat becomes positive near the limit R ∼ sL P , and this implies that the remnants configuration can be stable. In the usual approach with GUP, the configuration with C = 0 is obtained exactly at the minimum radius, and the stability of the remnants so obtained is questionable.
The treatment above can be implemented by calculating the behavior of R as a function of the time t. In this regard, we adopt the technique in [45] . In [45] , the power P of the Hawking radiation has been computed by the Stefan-Boltzmann law with P = 4πR 2 σT 4 and σ = π 2 K 4 B /(60 3 c 2 ). As a consequence, from the formula P = − dU dt and U = M c 2 we have
By inspection of the (35) , note that dR/dt < 0 and is diverging approaching R = 0. Hence, equation (35) can be integrated and also inverted up to R = 0. After setting, for simplicity, the initial time t i = 0, at t = t f with R(t i ) = R 0 , we get:
The finite evaporation time t ev can be calculated by setting R f = 0 in (36) . The semi-classical situation depicted by the (36) drastically changes in presence of the corrections obtained in this paper. For our purposes, it is sufficient to consider expression (29) , retaining the first term correction ∼ 1/R together the with the usual expression (8) for the BH temperature T BH . We obtain:
From the (37) , note that the areal radius R(t) is a decreasing function of t for R ∈ ( √ C 1 L P , +∞), is a non differentiable function at R c = √ C 1 L P , and increasing for R < R c . This mathematical fact does imply that the differential equation (37) can be integrated up to R = R c , where the evaporation process ends 11 . We have:
and t(R f ) is defined and invertible in R f ∈ (R c , R 0 ). The result (38) is perfectly in agreement with the one obtained with (34) . The vertical asymptote present in (37) represents the mathematical translation of the fact that at R = R c the BH is thermodynamically dead and cannot more change their dimensions. Note that, the inclusion of further terms for U and T BH , given by the (29) and (32), does not change qualitatively the conclusions and their effect is to give corrections depending on L n P to the (38) . According to the results of section above concerning a quantum spacetime, we can reasonable associate the correction terms in the (29) as due to the effective repulsive force exerted by quantum fluctuations at the Planck scale.
These reasonings can be of interest also for the well known issue related to the loss information paradox due to the Hawking evaporation process. First of all, we may observe that the spectrum (3) can be well approximated by a continuous one for a large range of the radius R, and thus thermal nature of the Hawking radiation emerges. When approaching the Planck scale, we expect that the continuous approximation of (3) breaks down and a non-thermal flux arises. However, the continuous limit remains an approximation, and with the discrete spectrum (3) the radiation flux is quasithermal and in some sense information could be regained. These reasonings are in line with the ones obtained in [13, 14, 15, 16] . Moreover, the results given by (38) , according to a line of research present in the literature (see for example [35, 36, 29, 37, 43, 44] ), show that quantum fluctuations stop the evaporation process. These two facts, in absence of a sound quantum gravity theory, certainly alleviate the information loss paradox.
Summarizing, our 'phenomenological' approach can reproduce under physically reasonable setups, standard results obtained in the literature regarding the BH entropy corrections by assuming a non-commutative quantum spacetime at Planckian scales and with the benefit of a simple description in terms of the statistical mechanics of gravitons inside the event horizon. Our conjecture is a simple but reasonable response to the question regarding the fate of any kind of matter-radiation falling inside the BH.
Conclusions and outlooks
In this paper we have studied the consequences of the proposal present in [1] concerning the statistical derivation of the semi-classical BH entropy in terms of trapped gravitons with a discrete spectrum. In particular, we studied the shape of the temperature and entropy in terms of the internal energy U and the number N of trapped gravitons forming N harmonic oscillators. To explore differences with usual thermodynamics we have used N ∼ V in such a way that the usual thermodynamic limit holds. For the internal energy U we adopted the ADM mass-energy M of the graviton's ball with U = M c 2 . The behavior of U in terms of the radial radius R of the confining box can be obtained by choosing a suitable 'density' ρ(r) by means of the formula (10) . We show that the behavior S ∼ A can be approached by setting density classical profiles that are diverging at r = 0. Such density profiles are used to model the core of, for example, neutron stars. However, the only ansatz leading to the BH formulas for T and S is provided by the choice U ∼ R and N ∼ A, according to the holographic nature of a BH. In practice, according to our proposal, any matter-energy falling inside a BH looks like an hologram made of radiation.
An important fact concerning the physical viability of our approach is that, as stressed in section 4 formula (22), any viable spectrum formula for the radiation made of trapped gravitons inside a BH must satisfy the equality T = 2T BH . As a result, any viable physically motivated approximate spectrum formula for ω must be, within the approximations made, near the theoretical value α = 2: this is what happens for our approximate spectrum formula (3). Moreover, the statistical expressions for S and U strongly depend on the spectrum choice (3). As a numerical example, the partition function, obtained starting with the (3) but summing up (see [1] ) with respect to the azimuthal index m leads to α ≃ 8.48, in complete disagreement with the value α = 2 and then the Legendre index m cannot promoted to a 'quantum' index as n. This means that our proposal in [1] to consider ℓ as a 'species' number rather than a quantum number is a reasonable possibility. Moreover, this choice can solve the so called species problem since only massless (quadrupolar sextupolar..) gravitons can exist near and inside the event horizon.
In section 5 we have also studied possible modifications arising to the semi-classical BH entropy formula by modifying in a physically reasonable way the expressions for U and T BH arising from thermal and quantum gravity corrections at Planckian and trans Planckian scales. We obtained in a simple manner the usual logarithmic correction found for the semi-classical BH entropy both in the IR scale, where both quantum and thermal fluctuations arise, and in the UV limit, where Planckian physics is expected to dominate. The quantum modifications used in this paper for U are in agreement, for example, with the results present in [40, 31, 32, 33] where a mixing between corrections ∼ 1/R and ln(R)/R are present in the IR limit, but can be better motivate in the context of a non-commutative geometry [19, 20, 21, 22] that is expected at Planckian scales. As a consequence of these facts, commented in section 6, a transition phase between the IR and the UV scales emerges, near the Planck one, where the specific heat becomes positive, i.e. the BH becomes thermodynamically stable. This shows that non-commutative effects at Planckian scales can be seen acting as a repulsive force, i.e. like an effective cosmological constant. This phenomenon can be also found in papers (see for example [35, 36, 29, 37, 43, 44] ) focusing on BH entropy corrections based on the well known GUP.
Motivated by the reasonings of section 5 regarding the IR the UV (also extreme) limits, an expression for U (R), suitable for R/sL P = T (R) >> 1 can be presented. Together with the (32) for T BH we have:
(39) Note that the constant w is expected to be positive, i.e. quantum fluctuations are expected to dominate at such scales. Also note that the log term in the (39) can be obviously written as
with the term ∼ 1/R restored as in the (29) and as a result the reasonings of section 6 are still valid. Also note that the log correction is vanishing both at IR asymptotic scales and approaching a minimal uncertainty 12 with the minimal length R min ∼ sL P . This shows that the well known log corrections become polynomials at R ∼ sL P . As shown in section 5.2, a log term also does arise in the UV pedagogical limit R → 0. It is easy to see that, after expanding the (32) and (39) in powers of T (R) a mixing between the expressions (23) and (24) are obtained. Moreover, extra corrections looking like the term ln(R/(sL P )) multiplied by a series expansion in terms of inverse powers of T (R) are obtained. It is thus interesting to ask if effectively these corrections effectively do occur or can be eliminated by a suitable relation between the coefficients in the series expansion (32) or (39) . This is matter for the next investigation, but it is clear from the reasonings above that our model is capable to obtain all corrections present in the literature with an oculate physically motivated choice for U and T BH . A possible further line of research can be to obtain corrections to the BH entropy by using the generalized Gibbs-Boltzmann distribution present in [48, 49] .
We have obtained the spectrum formula (3) for a Schwarzschild BH. It is thus natural to ask if an extension can be done for a Kerr-Newman BH. This is not a trivial task since of the complexity to obtain an analogue expression for the Zerilli and Regge-Wheeler equtions in presence of a charged rotating configuration with angular velocity J = aM 13 and an electric charge q. A possible simple procedure may be to 'guess', inspired by the Newman-Janis algorithm [47] and the technique present in [50] , the formula (3). To start with, consider the temperature T kn of a Kerr-Newman BH given by
where r + denotes the location of the outer event horizon given by
To a first look, we may think to take formula (3) with R → r 2 + + a 2 , but this does not work and both the temperature (41) and the entropy S kn = K B A/(4L 2 P ), with A = 4π(r 2 + + a 2 ), cannot be obtained in this 'naive' manner. However, note that the temperature in (41) is vanishing in the extreme case (G 2 M 2 /c 4 = a 2 + q 2 ) at the finite radius r + = GM/c 2 . Hence it is physically reasonable to expect that at zero temperature for a finite system must correspond a zero internal energy and zero angular frequency, i.e. ω ℓn (r + = GM/c 2 ) = U (r + = GM/c 2 ) = 0. As a consequence of these reasonings, we get the following expressions:
13 M is the ADM mass.
With the expressions (43) and (44) we can obtain, after following the same procedure present in [1] , the BH formula with the temperature proportional to (41) . The expressions of the static uncharged case are regained in the limit a = q = 0.
